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§l. INTRODUCTION 
THE CLASSICAL Alexander polynomial[l] A(x) = A&) of a knot or link K C S3 is an 
invariant of ambient isotopy that is well-defined up to sign and multiplication by 
powers of the variable x. The Conway polynomial V(z) = V,(z) is a direct invariant of 
ambient isotopy. This polynomial, first introduced by Conway in[2], has remarkable 
properties that allow its computation from a knot diagram without recourse to 
matrices or determinants. It is related to the Alexander polynomial via the potential 
function V(x - x-‘) which is (up to sign and powers of x) equivalent to A(x*). 
The purpose of this paper is to give an exposition of the Conway polynomial, and 
to explain the source of its properties by modelling it in analogy to the Alexander 
polynomial. There is a good geometric explanation for the potential function: this 
proceeds as follows: 
Given an oriented knot or link K C S3, let F C S3 be a connected, oriented 
spanning surface for K. Let 8: H,(F) x H,(F)+2 be the Seifert pairing (see 03). Let 0 
also denote any matrix of this pairing with respect to a basis for H,(F). Define the 
potenfiaI function a,(x) by the formula 0,(x) = 0(x0 -x-‘(Y) where D denotes 
determinant and 8’ is the transpose of 8. (If H,(F) = 0, Let n,(x) = 1). 
Our main result is the following: 
THEOREM 3.4. Let K C S3 be an oriented knot or link, F C S3 a connected, oriented 
spanning surface for K, and let n,(x) = D(x0 - x-‘0). 
(i) a,(x) is an invariant of ambient isotopy of K. That is, if K is ambient isotopic 
to K’ then n,(x) = fiK(x). 
(ii) If K is an unknot, then n,(x) = 1. If K is an unlink (with two or more 
components), then n,(x) = 0. 
(iii) If K+, K_, K. are related by single crossing changes as indicated below 
then 
0 K+ - fiK_ = (x - X_‘)R& 
These properties suffice for a recursive computation of QZK, independent of its 
definition as a determinant. The Alexander polynomial may be defined by the equation 
A(x) = D(x0 - 0’). Hence n(x) is, up to powers of x. a version of A(x*). 
Comparison of Theorem 3.5. with the descriptions of Conway’s potential function 
V(x -x-l) shows that n(x) = V(x -x-l). Thus a(x) is the Conway potential function. 
Since n(x) is a polynomial in z = x - x-l, we denote this polynomial by V(z). 
This paper is organized as follows: In 02, we give an axiomatic exposition of the 
Conway polynomial. Theorem 3.4 is proved in 83. Section 4 discusses applications of 
these methods to the Arf invariant, and to knots of polynomial equal to 1. 
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§2. AXIOMS AND COMPUTATIONS 
To each knot or link KC S3 there is associated a polynomial (the Conway 
polynomial) V,(z) satisfying the following axioms: (a) V,(z) is an invariant of ambient 
isotopy of K C S3. (b) If K is the unknot, then V,(z) = 1. (c) If three knots (links) 
have diagrams identical in all respects except for the changes indicated below, then 
VK -VP = zv,. 
x>-f,z 
K i? 1 . 
Definition 2.1 A link L C S3 is split (a split link) if L = L, U Lz, a union of 
non-empty sublinks such that there are two disjoint embedded three-balls in S3 
containing LI and L2 respectively. 
LEMMA 2.2. If L is a split link then V,(z) = 0. 
Proof. Refer to Fig. 1. Since K and K are ambient isotopic (Rotate the bottom part 
of K by 360”) we see that 0 = VK - VR = zVL. Hence VL = 0. 
It is a consequence of Theorem 3.4 that these axioms are consistent. It is an easy 
consequence of the axioms that they alone (coupled with observations of unknots and 
unlinks) suffice to compute V(z). 
Here is a computation for the trefoil knot (refer to Fig. 2.): If K is the trefoil and 
K, I?, L, L and U are as in Fig. 2, then VK -VE = zV,, VL -Vt = zV, V,- = 0, 
V,=1,V~=1.HenceVL=zandV~=1+z2. 
In general, this axiomatic approach shows the surprising simplicity and recursive 
nature of the invariant V,(z). It seems nothing short of miraculous that such a scheme 
should produce good invariants! The remainder of this section contains more exam- 
ples of ways of calculation. 
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Fig. 3. 
Let L, be a (2, n) torus link as depicted in Fig. 3. Let V, = VL,. Then the axioms 
show that V, = zV,_, + Vn_2 and V, = 1, V2 = z. Thus V3 = 1 + z2, V4 = 2z + z3, . . . Since 
V,(l) = V,_,(l)+V,_,(l), V,(l) is the nth Fibonacci number. 
Along with this direct recursive procedure Conway has also devised some more 
efficient methods of calculations: A tangle (see[2]) is a piece of a knot diagram with 
two input strings and two output strings, ( riented as in Fig. 4. Each input is connected 
to one output, and there may be any other knotting or linking (without free ends) 
inside the tangle box. Given tangles A and B the tangle A + I3 is defined as in Fig. 5. 
Also, there are two ways to form a knot or link from a given tangle A. These are 
denoted N(A) (numerator) and D(A) (denominator) as in Fig. 5. 
Given a tangle A, let AN = VN&z) and A D = VDcAj(z). The fraction of the tangle A 
is then defined by the formula F(A) = AN/AD. 
THEOREM 2.3. (Conway). Let A and B be tangles. Then F(A + B) = F(A) + F(B). 
That is, (A + B)N = ANBD + ADBN and (A + B)D = ADBD. 
TANGLE A TANGLE 
BOX 
Fig. 4. 
A m N(A) D(A) -3 
Fig. 5. 
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As an application of this addition theorem, let K,, denote the knot (link) illustrated 
in Fig. 6. It then follows from 2.3 that V,(z) = num (z = i+f+...+i) where this 
formula denotes the numerator of a continued fraction with it terms. Note that 
polynomial fractions are added formally with no cancellation between numerators and 
denominators. It then follows that VK, = VL,+, where L, is the torus link of Fig. 3. This 
leads to the guess that K, and L,+, are ambient isotopic. This guess is indeed correct; 
the proof is a revealing exercise in disentanglement. 
53. THE MAIN THEOREM 
In order to prove Theorem 3.4 we need to recall some facts about the Seifert 
pairing (seel31). Let K C S3 be a knot or link, and let F C S3 be a connected oriented 
spanning surface for K. The Seifert pairing 8: H,(F) x HI(F)+2 is defined by the 
formula O(a, b) = A(u+, b). Here A denotes linking number in S3, and a+ is the result 
of translating a representative cycle for a into S3 -F along the positive normals to F. 
As it stands, 8 is an invariant of the embedding of the spanning surface F. 
However, it is known how 8 changes under ambient isotopy of K coupled with a new 
choice of spanning surface. This change is formalized in the notion of S-equivalence 
of matrices. 
Two matrices are said to be S-equivalent if one can be obtained from the other by 
a finite sequence of steps of the following two types: 
(i) A-PAP’, P unimodular, P’ denotes the transpose of P. 
(ii) 
(CY a column matrix; /3 a row matrix). 
The following lemma is well known (see[4]). 
LEMMA 3.1. Let K and K’ be ambient isotopic knots or links, F and F’ connected 
oriented spanning surfaces for K and K’ respectively, and 8, and e2 the Seifert pairings 
for F and F’. Then 8, and t& are S-equivalent. 
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We shall be using the Seifert surface for a link diagram. This is an orientable 
spanning surface that is obtained by an algorithm due to Seifert (see[5]). The Seifert 
surface is constructed by first finding the set of Seifert circles. A given Seifert circle is 
obtained by choosing a point on the link diagram and traversing the diagram, always 
declining to pass through a crossing (by jumping to a nearby strand). The surface is 
obtained by attaching disks to the Seifert circles, and filling in each crossing with a 
twisted band. Figure 7 depicts twisted bands, and illustrates how the Seifert surface 
will appear near each of the crossing configurations for the Conway polynomial. 
Now recall that when 8: H,(F) x H,(F)+2 is the Seifert pairing for a connected, 
oriented spanning surface (F) for a knot or link K, then we have defined the potential 
function n,(x) = 0(x0 - ~~‘8’). 
LEMMA 3.2. n,(x) is independent of the choice of spanning surface. In particular, 
if K is an unknotted circle, then a,(x) = 1. 
Proof. Independence follows from Lemma 3.1 and a simple determinant com- 
putation. The key point is that 
D(x[i ;]-x-f ;])=D[_;_* ;I]=l. 
This same observation takes care of the case of the unknot. 
LEMMA 3.3. If L is a split link, then R,(x) = 0. 
Proof. Since L is split (see Definition 2.1.), there are disjoint oriented connected 
spanning surfaces F,, F2 C S3 such that L = L1 U L2, JF, = L,, aF2 = Lz. Excise a disk 
from the, interior of each surface and connect the surfaces by a tube whose ends fit 
these holes. Otherwise the tube is disjoint from either surface. This procedure 
constructs a connected surface F whose boundary is the link L. Let & E H,(F) 
denote the homology class of a meridean on the tube. Since L, and L2 are non-empty, 
JU# 0. If 8: H,(F) x H,(F)+2 is the Seifert pairing, then 0(.& (Y) = 8 (a, Ju) = 0 for 
all (Y E H,(F). Hence 0(x0 - ~~‘8’) = 0. This fact coupled with Lemma 3.2, completes 
the proof. 
Proof of Theorem 3.4 Part (i) follows at once from Lemmas 3.1 and 3.2. Part (ii) 
follows from Lemma 3.3 (since an unlink is split). In order to prove (iii) it suffices to 
K+ K- K0 
iliz!L z z 
F+ F_ _zF____ 0 
Fig. 7. 
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assume that each knot or link come equipped with a specific diagram. The potential 
function will then be calculated from the Seifert surface for this diagram. On such a 
Seifert surface F, the three cases of Fig. 7 are related by changing the twist on a band, 
or by eliminating it entirely. The notation will be that of Fig. 7 with links K+, K-, K,, 
and corresponding surfaces F+, F_, FO. 
In the remainder of this proof the word split will refer to a split diagram. A link 
diagram is split if it can be divided into two disjoint non-empty portions each 
contained within disjoint disks in the plane of the diagram. Thus a link with a split 
diagram is certainly split in the previous sense. Note that the Seifert surface for a 
non-split link diagram is connected (and hence may be used to compute a potential 
function). 
Note that if K, is split, then both K_ and K0 are also split. Hence, if K, or K- is 
split then there is nothing to prove (since by 3.3 split links have vanishing potential 
function). It may happen that K0 is split while K, and K_ are not split. However, in 
this case the upper and lower strands of K0 must be in the split halves. Thus the 
situation is as in Fig. 1, and K, and K_ are ambient isotopic. Therefore the potential 
functions of K, and K_ are equal, and theorem is verified for this case. 
Finally, assume that K,, K_, and K,, are all non-split. Then H,(F+) = H,(E) = 
H,(F,) $ 2 where the extra factor of 2 is generated by cr+ E H,(F+) and by 
LY- E H,(F_), each represented by a curve passing once through the corresponding 
twisted band of Fig. 7. By extending a basis from H,(F,) to H,(F+) and to H,(E) it is 
now clear that Seifert matrices 8, and & for F+ and F_ take the form indicated below. 
Here 8, denotes a Seifert matrix for F,,, and a = &(a_, a_) = B+(a+, (Y+) - 1. 
(7 = column matrix, p = row matrix). 
A determinant computation now shows that 
n,(x) - n,_(x) = (x - x-‘)&(x). 
This completes the proof of the theorem. 
(a) Arf invarianf 
&t. APPLICATIONS 
PROPOSITION 4.1. If K is a knot then V,(z) is a polynomial in even powers of 
2: V,(z) = 1 + a,.2 + a2z4 + * - * + a,z*“. 
Proof. Let z = x - x-‘.Then --z = (-x) - ( - x)-l. 
Hence V,( - Z) = D( - xe + x-‘8’) = D( - (xf3 - x-‘0’)) 
= D(xe - x-‘8’) (e has even size when K a knot) 
= V,(z). 
It is clear that V,(O) = 1 (Since V,(O) - Vn(O) = OV, = 0). This completes the proof. 
A theorem of Levine (see[3]) shows that the Arf invariant, c(K), of a knot is 
obtained from the Alexander polynomial as follows: 
c(K) = I 1 if AK( - 1) = + 3(modulo 8) 0 if AK( - 1) = + l(modulo 8)’ 
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Since A(x) = V(dx - q/x-‘>, we see that A( - 1) = V(i - i-r) = V(2i). Hence by 4.1, 
A( - 1) = V(2) (modulo 8), and therefore 
c(K) = I 1 if V,(2) = f. 3(modulo 8) 0 if V,(2) = ? l(modu1o 8)’ 
With VK as in 4.1, V,(2) = 1+4a, (module 8). Thus the first coefficient of the Conway 
polynomial determines the Arf invariant. 
(b) Knots of polynomial equal to one 
Let K C S3 be a knot, and associate to K the tangle T(K) obtained by taking 
oppositely oriented parallel strands as in Fig. 8. This tangle has trivia1 denominator. 
Its numerator is a (twisted) double of K. Let A denote the linking number of the two 
components of kz = N(T(K)). Then it is easy to see that & has a Seifert matrix 
8 = (A). Hence Vg = AZ, and therefore the tangle T(K) has fraction F( T(K)) = AZ/~. 
We can now use the Conway fraction Theorem (2.1) to show that certain knots 
have VK = 1. Refer to Fig. 9. The knot illustrated is the numerator of the tangle sum 
A + B + C where F(A) = l/z, F(B) = 3z/l, and (using the remarks above) F(C) = 
-32/l. Hence the knot has polynomial equal to the numerator of the fraction 
l/z +32/l + - 3z/l, and this is equal to one. 
This result could be obtained directly from a Seifert pairing. It is nevertheless 
illuminating to see its relation to fraction and tangle addition. 
K T(K) 
Fig. 8. 
Fig. 9. 
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